The interaction potential energy of a rigid moving mass and charge distribution ͑magnetic and electrical dipole in motion͒ in an electromagnetic field is expressed in terms of the center of mass coordinate, the rotation dyadic of a mass distribution, and magnetic and electric dipole moments.
I. INTRODUCTION
''Why is the Hamiltonian of a magnetic dipole Ϫm•B?'' is an interesting question raised by Griffiths. 1 At the same time Griffiths explained why he raised this question: ''If you integrate the energy density B tot 2 /2 0 , using B tot ϭBϩB d , where B d is the field of the dipole itself, you get 2 ͑for the interaction term͒ Wϭm•B, with the 'wrong' sign.' ' We read the Griffiths question just after completing the derivation of the interaction potential energy of a moving mass and charge distribution. In our derivation we used Rowe's 3 formulation of nonrelativistic equations of motion of a rigid body. Rowe applied 3 his formulation to derive the expression for the interaction potential energy of a moving mass and charge distribution in an external electrostatic field. In our derivation, which is explained in this paper, we consider the same problem but in the presence of electric and magnetic fields.
The answer to the Griffiths question follows from our derivation.
II. FORMULATION OF THE PROBLEM
We consider mass and charge distributions which are rigid and move together, i.e., we assume that relative positions of charge and mass elements do not change in time.
The configuration of the mass distribution is determined by the position vector X of its center of mass and a rotation dyadic R. 3, 4 Here R describes the orientation of the frame e 1 , e 2 , e 3 ͓attached with mass distribution ͑Fig. 1͔͒, with respect to the laboratory reference frame E 1 , E 2 , E 3 ,
where the summation convention is used. The rotation dyadic satisfies
R•E i ϭe i ͑2͒
and
where
Charge distribution is described by a function (x,t), which represents the density of charge when the center of mass is at the point X(t), and the orientation of the frame is determined by R(t). To shorten the notation we shall write
where V 0 is the charge domain for Xϭ0 and RϭI and V is the charge domain for arbitrary X and R.
The total charge we shall denote by
A point charge in an electromagnetic field is subject to the Lorentz force
Fϭq͑vϫBϩE͒. ͑8͒
With this force is associated 4 a generalized potential energy
͑10͒
The generalization of the expression ͑9͒ to the case of a mass and charge distribution ͑an extended mass and charge͒ is straightforward. It is done by chopping an extended charge into infinitesimal pieces. Any piece dq is subject to the Lorentz force
dFϭdq͑vϫBϩE͒. ͑11͒
The interaction potential energy of the charge distribution is obtained by integrating the elements of potential energy
and by introducing a current density
The result is
͑14͒
However, when we try to generalize ͑10͒ to the case of a charge and mass distribution, we conclude that this is not so straightforward. We know that an extended charged body in an electromagnetic field is subject to a force and a torque. To find the precise expressions for these, it is necessary to write the interaction potential ͑14͒ as a function of external and internal coordinates X and R, respectively. This is the problem which we solve in the following two sections.
III. INTERACTION POTENTIAL OF A MOVING CHARGE DISTRIBUTION IN AN ELECTROMAGNETIC FIELD
In order to write the integral in ͑14͒ in terms of coordinates X and R, we express x in terms of X and ͑Fig. 1͒:
͑15͒
By developing (x) and A(x) in a Taylor series around the point X up to terms linear in , and using the relation ͑16͒, which contains the term , we find
Let us denote by p 0 the electric dipole moment at Xϭ0 for RϭI:
It seems appropriate to generalize this well-known expression for the electric dipole moment of a stationary charge distribution to the case of a moving charge distribution as follows:
where R ͑ ͒ϵ ͑ Xϩ͒.
͑21͒
The quantity p is the electrical dipole moment with respect to the center of mass at X for arbitrary R. Similarly, the expression for the magnetic moment of a stationary charge distribution at Xϭ0, for RϭI,
is generalized to the case of a moving charge distribution as
͑23͒
Here m is the magnetic moment with respect to the center of mass at X for arbitrary orientation R. Applying Green's theorem to the integral
which for dSЌa reduces to
and the equation of continuity
the terms U i are transformed ͑see the Appendix͒ into the following forms:
The total interaction potential energy U now reads
͑28͒
Using a series of vector identities, the second, third, and sixth terms in the latter expression may be rearranged to 
The term d(A•p)/dt does not contribute to the equations of motion. Therefore, the interaction potential energy of a moving charge distribution in an electromagnetic field ͓in the linear approximation of potentials A(x) and (x) by the potentials A(X) and (X)͔ takes the form
͑30͒
The meanings of the first four terms in this expression are evident because their forms are known either from the theory of a point charge or from the theory of magnetic and electric dipoles at rest in an electromagnetic field. The first two terms represent the interaction energy of a point charge Q at X, the third is the interaction energy of a dipole at rest, and the fourth is the interaction energy of an intrinsic magnetic moment ͑which is due to a rotation of a charge distribution centered at X͒. The fifth term is associated with a motion of an electric dipole in a magnetic field ͑as distinct from the first one which is associated with a motion of a point charge in a magnetic field͒. It shows that a moving electrical dipole picks up 5 a magnetic dipole moment m d ϭpϫẊ . The interpretation of the last term is not clear because the integral in it is not expressible in terms of X, R, m, or p. It contains second-order powers of i and we expect that it would contribute to quadrupole moments. Therefore, the interaction potential energy in the dipole approximation is determined by the first five terms:
As stated at the beginning, our aim is to write the interaction potential energy ͑14͒ in the form from which one could derive the generalized forces using the Lagrangian prescription. Neither with the form ͑30͒ nor with its dipole approximation ͑30Ј͒ have we reached this goal. This is because the fourth and sixth terms are not written as functions of generalized ͑collective͒ coordinates X and R and/or of the corresponding generalized velocities. In the next section we shall solve this problem for a particular charge distribution.
IV. MAGNETIC MOMENT OF A MOVING MASS AND CHARGE DISTRIBUTION
It follows from ͑23͒ that the magnetic moment of an extended charged particle, imagined as a charge and mass distribution, is associated with the current which is due to the particle's internal motion-joint instantaneous rotation of a mass and charge distribution centered at X.
Therefore, it seems suitable to express the magnetic moment in terms of the angular velocity of a body. It is defined 3, 4 by the motion of the moving frame e 1 , e 2 , e 3 :
Now we may express in terms of , since
Therefore, ϭṘ •x 0 ϭϫ͑Rx 0 ͒ϭϫ.
͑33͒
By substituting the relation ͑33͒ into ͑23͒ and using the vector identity ϫ͑ϫ͒ϭ͑•͒Ϫ͑•͒,
͑34͒
we find
where is the angle between and . We see that the first term is proportional to for any R (). However, the second term is a more complicated function of . In the special case of a spherically symmetric charge distribution, the second term is also proportional to , as we now show. For this purpose it is convenient to write the vector in spherical coordinates, where the polar axis is taken to be along the angular velocity . In this way we find
where i is the unit vector along the axis and i m and i n are two mutually orthogonal vectors in the plane normal to . After integration we get
i.e., mϭ 4 3
The constant is related to the gyromagnetic ratio ␥ by ϭ␥I.
The sixth term in ͑30͒ is equal to zero in the case of a spherical charge distribution because ‫)‪t‬ץ/ץ(‬ R ()ϭ0 in this case.
Therefore, it follows from ͑14͒ and ͑30Ј͒ that the interaction potential energy of the moving spherical charge distribution ͑whose pϭ0͒ in an electromagnetic field ͑in the dipole approximation͒ is the following function of the coordinates X and R and of the angular velocity :
The spherical rotator with a magnetic moment proportional to its angular momentum (mϭ␥Iϭ) was named the ''magnetic top'' by Barut et al. 6 The interaction potential energy of the magnetic top with moving center of mass contains two parts:
Here U ext depends on the CM position and velocity and U int is determined by the internal motion.
Consequently, the Lagrangian of the moving magnetic top is given by
Evidently, in a homogeneous field the external and the internal motion of the magnetic top are mutually independent and may be studied separately. In an inhomogeneous field the internal and external motion are coupled ͑mutually dependent͒. The classical internal motion of the magnetic top in a homogeneous magnetic field was extensively studied by Barut et al. 6 and Arsenović et al., 7 using Euler's angles as the internal coordinates, and by Marić et al., 8 using spinors as the internal coordinates.
The external motion in a homogeneous electromagnetic field is the standard motion under the Lorentz force.
The equations of the internal motion may be written using any one of the following methods: ͑i͒ Lagrange's equations for the independent orientation coordinates, 4 ͑ii͒ Lagrange's equations for systems with constraints 4 ͑method of Lagrange multipliers͒, ͑iii͒ the variational method developed by Rowe 3 for the system described by the rotation dyadic-the set of coordinates which satisfy certain conditions ͑constraints͒.
By choosing Euler's angles , , for three independent orientation coordinates Barut et al. 6 applied method ͑i͒ and wrote Lagrange's equations of motion for the magnetic top:
Here F , F , and F are generalized forces associated with Euler's angles , , and :
By choosing the complex components of Cartan's spinor for the set of four orientation coordinates which satisfy one constraint, Marić et al. 8 applied method ͑ii͒. Both approaches [6] [7] [8] lead to the same equation
for the canonical spin angular momentum, defined 6 by
sϭIϩ␥IB. ͑44͒
The equation ͑43͒ of spin motion is the so-called torque equation, 4 because on its right-hand side is the torque
Tϭ␥sϫB. ͑45͒
It follows from these studies [5] [6] [7] that the magnetic top is an appropriate classical model of a particle with spin.
A magnet in the form of a spinning top is called a magnetic top by Simon et al. 9 and a levitron by Hones 10 and Berry.
11 The magnetic top of Barut et al. 6 and the magnetic top of Simon et al. 9 have in common that the magnetic moment and angular momentum point in the same direction. However, the former has a magnetic moment which is due to the rotation of its charge distribution, whereas the latter possesses at rest an intrinsic magnetic moment, it is uncharged, and it is made of a ferromagnetic material. Its spinning in the direction of its magnetic moment is induced by an external torque.
V. SUMMARY
The integral expression ͑14͒ for the interaction potential energy of a moving charge distribution in an electromagnetic field is transformed into the sum of six terms ͓Eq. ͑30͔͒, using the linear approximation of potentials A(x) and (x) by the potentials A(X) and (X). ͑It is assumed that the relative positions of masses and charges do not change during a motion and that the structure is rigid.͒
The first five terms have a clear physical meaning and their sum ͑30Ј͒ represents the interaction potential energy in the dipole approximation. The first two terms represent the interaction energy of a point charge Q at X, the third is the interaction energy of a dipole at rest, and the fourth is the interaction energy of an intrinsic magnetic moment ͑which is due to the rotation of a charge distribution at point X͒. The fifth one is associated with the motion of an electric dipole in a magnetic field ͑as distinct from the first one which is associated with a motion of a point charge in a magnetic field͒.
The sixth term contains second-order powers of i .
Therefore, it would contribute to the quadrupole moments together with other terms which would appear in the secondorder approximation of potentials A(x) and (x).
It is important to note that, in this approach, the magnetic moment of a particle is associated with an internal current which is due to a joint internal motion ͑rotation͒ of a mass and a charge. The magnetic moment m is due to a timevarying current associated with a rotation of the charge. In our opinion, this classical model is more appropriate for a ͑charged͒ particle with spin than the model based on a ͑mac-roscopic͒ current loop. The relative motion of a charge and mass is an important characteristic of the loop.
VI. THE ANSWER TO QUESTION #66
From the results in this paper, an answer follows to question #66 raised by Griffiths:
1 ''Why is the Hamiltonian of a magnetic dipole Ϫm•B?'' The question was raised because the interaction term of a magnetic dipole derived in the field theory ͑by the reasoning 1,2 quoted at the beginning of this article͒ has a positive sign. Our answer contains two parts.
The first part of our answer is as follows: From the Lorentz force law and from the dipole approximation ͑30Ј͒ of the interaction potential energy of an extended charge in motion ͑14͒, it follows that the term Ϫm•B, which represents the interaction energy of the intrinsic magnetic moment in an electromagnetic field, has a negative sign.
In the field theory, the plus sign arises because the interaction energy is defined by the integral 
where B d is the field of the dipole itself. Using the relations
the integral ͑46͒ is then transformed to
͑48͒
If we compare the latter integral with the first integral in ͑14͒ we conclude that they differ only in sign. Therefore, this shows that the m•B term, derived in the field theory from ͑46͒, has ϩ sign and why the Ϫm•B term, derived in mechanics from ͑14͒, has Ϫ sign. The second part of our answer to question #66 deals with the construction of the Hamiltonian from the Lagrangian ͑39͒, of an extended charge in motion. The interaction potential energy ͑30͒ is dependent both on external and internal velocities, which means that the Hamiltonian of an extended charge in motion is not equal to the sum of kinetic and potential energy. Its form has to be determined from the explicit dependence of the interaction energy on velocities and coordinates.
In the case of a magnetic top, this problem was solved by Barut et al. 6 The Hamiltonian associated with the Lagrangian ͑40͒ of a magnetic top reads Hϭ mẊ
͑49͒
where p is the canonical momentum pϭmẊ ϩQA and s is the canonical angular momentum-spin, given by ͑44͒.
The internal Hamiltonian may be written in the form
where ϵ␥sϭmϩ␥B ͑51͒
is the canonical magnetic moment. Here H int contains three terms: the first is the constant of motion, [6] [7] [8] and the third is constant in the case of a homogeneous time-independent field. The second term has the same form as the Hamiltonian of a magnetic dipole in quantum theory ͑Pauli term͒. However, we point out that ជ in ͑50͒ is a canonical magnetic moment related to the magnetic moment m by the relation ͑51͒.
The results obtained in this paper, together with the results of Barut et al., 6 show that the explanation of the linear relation between magnetic moment and spin, postulated in quantum theory, could be based on the classical electrodynamics of an extended charge in motion.
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APPENDIX: COMPACT FORM OF THE POTENTIAL TERMS
The transformations of the terms U i defined in ͑18͒ into the forms ͑27͒: 
